INTRODUCTION TO THE

VECTOR DIFFERENTIAL OPERATOR "DEL"

Consider a function f which depends upon three independent
varliables (x,y,z). For the purposes of visualization, you can
imagine these to be the three Cartesian coordinates that specify
a position in space. If f(x,y,z) is a sufficiently smooth
function, then it possesses at each point‘?'= XX + yf + 22 and
for each direction (as specified by a unit vector A pointing in
the desired direction) a directional derivative. The
_directional derivative 1is the rate of change of f(?) with
distance in the direction specified by n. The directional

df = a

derivative is denoted by ds(r n) and 1s given by

AS >0 As

;3%) = {im -?(r+nbs) -p(r) (Eq. 1)

We need to determine the relationship between # (?;ﬂ) and
S

the partial derivatives of f(?) with respect to each of the

independent variables. These partial derivatives are defined by

B'ﬁ (\”) = l‘m ﬁ____g_____g_(xmx )-Z) 'p()f, ,Z) (Eq. 2a)
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To establish the relationship between the directional
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derivative and these partial derivatives, we write out the

df 2 A A

quantity whose limit is -ag (r;n). Because the unit vector n can

| A A A A A A A |
be written as n = x(ﬂfx) + y(ﬁ-y) + z(n-z), we have

L(¢+nas) = & [x+(%*§)As, Y + (R-4)As, z+(ﬁ-i)As]

Therefore the quantity whose limit is the directional derivative

has the form

Z_SIZ [wf(ﬁ-?\ As)-ﬂ?)l =le; J;[X‘r(ﬁ- i)as,3+(a fi)ﬁs,a(ﬁ-i)ﬁﬂ —Q(X,‘j,ﬂ

By adding and subtracting equal terms and regrouping, we can

rewrite this as_ Z:—S [";(?"'GAQ#&(?)}
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If we look carefully at each term in the above equation, we can

see that in the limit As -»0, the equation becomes
@y = G-0OXA + GPUDGHAR (x5
4ds X 'Blé 2%

This is the desired expression for é£.(?;ﬂ) in terms of the

As

partial derivatives of f(I).
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Equation 3 has the form of a dot product between the

A
vector n and the following vector:

A A
L 4 o + 2of
X 0Y D2
This vector is called the gradient of the scalar function f(?)

and is denoted by grad £ or by ﬁf. Thus 'tne directional

derivative of f can be written
. A . N R ,
_ CH" G n) = n- 9mﬁl TC(") = W;) ’ V{Z(?) (Eq. 4)

By carefully considering eq. 4, you should be able to convince
vourself that the gradient of f(?) points in the direction of
most rapid increase of f with distance. You should commit eq. 4

to memory, and you should also memorize the detinition of the

gradient of f(?):

Keep firmly in mind that the gradient operation produces a vector

function from a scalar function.



3. Del, Div, and Curl
The gradient of a scalar functions 1s one of several useful

derivatives that can easlly be written in terms of the vector

operator del, which is defined by

T = x 0 +u40 139
V = x§;+5§g+z,bz (Eq. 6)

We now mention two other derivatives involving del, namely div

and curl.

The divergence of a vector function '13(?) 1s given by

d‘,‘v EG‘-) = u(r) (Xbxfggg+£ Z). (uxiwﬂi—uz i) |

= Oy 4 Uy 4 U, (Eq. 7)
VX /B )2

Notice that the divergence operation produces a scalar function
from a vector function. The divergence of a vector function is a
measure of the local tendency of the vector function (or "field

of vectors")'to spread out or diverge.,

The curl or rotatiomn of a vector function u(r) is given by

el RE) = Tx i) = (5“; -B_ﬁ-_ j(?“; >;:)+.....

3 [y § 3
WX 3‘3 = C!P.t %x /33 %% (Eq. 8)
| Uy ug u*

The curl operation produces a vector function from a vector
function. The curl of a vector function is a measure of the

local tendency of the field of vectors to coil around.

_L’(_—



Y »

8 -

4.

& i i t JE
L
- |

In the calculus of functions of one variable, a central
result is the fundamental theorem of calculus:
The indefinite integral of the derivative of a function
is equal to the function itselt, to within an additive
constant.

In symbolic form, the fundamental theorem 1is:
X
!
atld gy = i) + C
dx'

In the calculus of functions of three variables, there are
several results similar to this one, in_which a function is
related tb the integral of a derivative. These theorems play
a very important role in the statement of various
principles of physics. We present three of these theorems
here (without proof): the gradient theorem, the divergence

theorem, and Stokes' theorem (or the curl theorem).,

The Gradient Theorem. Suppose that we are given a
ok
scalar function f£(r) and any curve C jolning points i
| 14N { (L
S 5 0\‘13!

I, and r,y, as shown. Then the ( .
difference between f(?&) and f(?l)
equals the path integral of the gradient

- : .
of £(r). 1In symbolic forml, the gradient

theorem reads -2
!

eyie) = (Bele
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The D1ive

—

; : ‘Suppose that we are given a

vector function ﬁ'(?) a'nd a closed surface A which is encﬂosecl
' V’egi‘m

\

the boundary of a region V of space,

as shown. Then the flux of the vector - ?? P
function ﬁ(?) thtough the closed ' | iy/ J/
surface A equals the volume 1ntegral //// ~ 4
of the divergence of ﬁ(f) over the i;/
region V., In symbolic form, the '( (’ﬂOSQOl

divergence theorem reads_ | Su'(-;aCQ A

a@dd =\ Vea@)]av

(Eg. 10)
CI x:&lca e\-‘pgosed V
dkes® Thec . 2 € ] Theoren Suppose that we
~are given a vector function '13('?)- and a closed (‘,2032(’ ﬁ’\c
path C, which 1s the boundary of 6 Paén_gt _
MCQSSM\L{

an (open) surface A, as shown.

anMr!, )

Then the counterclockwise line
integral of*ﬁ(?) around the path C
equals the surface integral of thei
curl of 3(?) over the surface A.

In symbolic form, Stokes' theorem

reads
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Often more than one operation involving del is applied to a
function. One important example is the divergence of the
gradient of a scalar function f(;) : this 1s called
div(grad f) or _Vh*(—vh'f), Using the definitions, it 1is

straightforward to show that div(grad f) equals

Bf_g_ + v t @f}c__.
DXt bgz, b%z.

(You should check this claim!) This particular combination of

second partial derivatives of f(r) is called the Laplaciam of £

2
and is usually called del-squared £ and written V £:

Vi = V-(%8)=div 3"“‘1p) LRt PP e .

There are two second-order derivatives involving del which

are identically zero. These vanishing derivatives are the curl
of the gradient of any scalar function f('i?) and the

divergence of the curl of any vector function 'ﬁ'(?):

CW(‘X (%Vﬁ& 'P) = 6"( (?‘FB = 6 J - (Eq. 13)
div{eaed D= V- (Txa)=0 q. 10

(You should prove these identities by'applying the definitions.)



