Phys. 337, Solid State Physics

HW #3
Due Fri., Feb. 2

1. (Kittel 2.1)  Consider the plane (hkl) in a lattice.  

(a) Prove that the reciprocal lattice vector G = h a* + k b* + l c* is perpendicular to this plane. 


Parts (a) and (b) are true for a general triclinic lattice.  It is not necessary to limit ourselves to lattices with perpendicular translation vectors in order to prove these relations.
The (hkl) plane is a plane that contains the points (1/h, 0, 0), (0, 1/k, 0), and (0, 0, 1/l) in terms of the translation vectors (by definition of Miller indices).  Therefore, it also contains the vectors V1 = (1/h) a – (1/k) b and V2 = = (1/k) b – (1/ l) c, which define the plane (hkl).


G = h a* + k b* + l c*.


Keeping in mind ai•a*j = 2 ij, V1•G = 1- 1 = 0.  Similarly, V2•G = 0.  Therefore, G is perpendicular to the plane (hkl).


Another method is to take V1 × V2, which by the definition of the cross product is perpendicular to the (hkl) plane.  Now taking the cross product of the result with G, we should get zero, meaning that G and V1 × V2 are parallel. This is actually not trivial if we assume this is a triclinic lattice and that the primitive vectors are not mutually perpendicular. 

 (b) Prove that the distance between two adjacent parallel planes of a lattice is d(hkl) = 2/ |G|.  


Due to the periodicity of the lattice, you can move between any pair of neighboring planes by moving along any one of the translation vectors ai (unless ai happens to be within the plane, in which case you would need to use one of the other two to move between adjacent planes).  The distance between the neighboring planes is the component of the translation vector along the direction of G. In 2D, convince yourself that you can move the lines by either a1 or a2 and still identify the same set of planes.  It might also be easier to see that d is the component of either translation vector along G.
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That is, 
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.  Now, remembering that a*·a = 2 and b*·a = 0, we get the result, d = 2/|G|.
(c) Show that for a simple cubic lattice, 
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For any reciprocal lattice vector, a* is perpendicular to b and c, etc.  For a cubic lattice, that means that a*, b* and c* are mutually perpendicular. Also, each has a magnitude 2/a.  The total magnitude of G = h a* + k b* + l c* is:

|G| = (2/a) (h2 + k2 + l2)1/2.  Plugging this into part (b) gives the result.

2.  A room temperature powder diffraction experiment is performed on a specimen 

that forms a simple cubic lattice with translation vectors of length 3.00 Angstroms.   A monochromatic x-ray beam of energy 4.836 keV is used.  A Bragg peak is observed at 47.75˚.  The sample is then heated to 1300 K and the peak is now observed at 46.60˚ due to thermal expansion. 

(a) What is the largest wavelength of light that will be diffracted by this crystal and what is the energy of a photon of this wavelength?

The question is what is the largest wavelength that can possibly be diffracted by this crystal (i.e. any set of lattice planes in this crystal).  In order for diffraction to occur, 2d sin/ n = .  Sine is necessarily less than or equal to 1 and the largest wavelength occurs if n is smallest (n=1).  This gives,  ≤ 2d.  The largest wavelength is 6 Å (from #4c, the largest d possible = a).  The energy of the photon is E = hf = hc/ = (6.62 ( 10-34 ( 3 ( 108 / (6 ( 10-10) J = 3.31 ( 10-16 J = 2.07 ( 103 eV = 2.07 keV.

(b) What lattice plane does the peak correspond to (hint: Use the formula in problem #1(c))? 

(It’s not clear whether we are given  or 2, but the result works out the same either way.)

Using  = 47.75˚ and = hc/ E = 2.567 Å.   d/n = 2.567 Å/(2 sin(47.75˚)) = 1.734 Å. Using the formula from 4(c) and squaring both sides, 
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Using a = 3 Å, n2(h2 + k2 + l2) = 3.  The solution, given that these are all integers, must be n = h = k = l = 1.  This is the (111) plane. 
(c) What is the coefficient of linear expansion for this material? 

This is one of those concepts that we don’t cover, but should sound familiar enough that you can track it down in an intro. physics text (or track me down to remind you).  The coefficient of linear expansion is  in L =  L T.  Using the Bragg formula, 

2dold sinold = n = 2dnew sinnew
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So, dnew = 1.0188 dold.  This gives L/L = d/d = 0.0188. T ≈ 1000 K, so  = 1.88 ( 10-5 K-1.  

3.  The following is a plot from a powder diffraction experiment.  (Notice that the x-axis of the plot is 2, or twice the normal Bragg angle that we’ve been using.)  The peak associated with diffraction off the (111) planes is labeled. 

How would we identify the peaks labeled A, B, and C (e.g. what are the Miller indices of these planes)?
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It may initially seem like we don’t have a lot of information, but the fact that one peak is labeled means we can determine the other peaks relative to that one.  For the (111) peak for instance, 

2 d111 sin111 = n111 


Using the definition of d(hkl) from problem 1 and the fact that it’s the same wavelength for each diffraction peak,
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Now estimating 2111 = ˚ and knowing (hkl) = (111): 
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I’ve used the convention for diffraction data that (111) in a diffraction plot refers to the n=1, or first order, diffraction peak. Similarly, (222) would refer to the 2nd order diffraction off the (111) set of planes. Estimating A = 9.7˚/2, gives 
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For these problems, since n, h, k, and l are integers, it can be helpful to square both sides.  n2(h2 + k2 + l2)  ( 1 so, A must be a (100) plane.  Of course, you could write (010) or 
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, but these are equivalent planes by symmetry, i.e. the {100} family of planes.

Similarly, estimating B = 13.9˚/2 and C = 19.6˚/2.  Squaring both sides, nB2 (h2 + k2 + l2) = 2.01 ( 2, which is a (110) peak and nB2 (h2 + k2 + l2) = 3.98 ( 4, which must be a (200) peak, or a second-order diffraction peak off the (100) set of planes [n = 2, (hkl) = (100)]. 

4.  The following are pictures of the same monoclinic crystal, with primitive lattice vectors of length |a| = 2a, |b| = a, and |c| = a.  This could be written approximately as a = 2a i, b = a (0.1 i + 0.99 j), and c = a k.  The third axis (perpendicular to the page) is not shown.   For each set of lattice planes shown, 

(a) What are the Miller indices of the plane?


Pick a lattice point and look at the first plane next to (but not including) the lattice point.  The first picture has a horizontal plane.  Choosing the plane immediately above a particular lattice point, the plane intercepts the crystal axes at ((, 1, () – i.e. no intercept with the a1 and a3 axes.  The Miller indices are (010).   The next picture has intercepts of (1, (, () and indices (100).  The last picture has intercepts of (1, -1/3, () and indices 
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 (or equivalently, (-1, 1/3, 0) to get the (1-bar 3 0) plane).  A picture of the last one is below.  Starting at point p and looking at the plane designated by the heavier line below it.  The intercepts are 1 a1 and -0.33 a2 (again, equivalently, you could use the plane above this point which has intercepts -1 a1 and +0.33 a2.
[image: image12.jpg]



(b) What is the reciprocal lattice vector of the plane (G = ___ i + ___ j + ___ k)?


Vc = a ( (b ( c) = 1.98 a3.  

a* = 2 (b ( c)/ Vc = 2 (0.99 i – 0.1 j)a2/ 1.98 a3 = 2 (0.5 a-1 i – 0.0505 a-1 j)

b* = 2 (c ( a)/ Vc = 2 (2 j)a2/ 1.98 a3 = 2 (1.010) a-1 j
c* = 2 (a ( b)/ Vc = 2 (1.98 k)a2/ 1.98 a3 = 2 a-1 k
So, G = h a* + k b* + l c* = 2 [0.5 h a-1 i + (1.010 k - 0.0505 h) a-1 j + l a-1 k]

For the (010) plane, G =  b* = 2 (1.010) a-1 j.
For the (100) plane, G = a* = 2(0.5 a-1 i – 0.0505 a-1 j).

For the 
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plane, G = a* ( 3 b* =2 (0.5 a-1 i ( 3.0805 a-1 j)

(c) Indicate the approximate reciprocal lattice vectors for the three sets of planes by drawing them on the crystal (directions and magnitudes that are roughly in correct proportion to each other).


The reciprocal lattice vectors are perpendicular to the planes that they correspond to.  The magnitude is inversely related to the spacing between adjacent planes.   The magnitudes of the G vectors for the three planes shown are 6.35 a-1, 3.17 a-1, and 19.60 a-1 (approximately 2:1:6 ratio).   

Roughly:
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(d) This is an x-y slice of the crystal in real space.  Draw the x-y slice of the reciprocal lattice. Indicate the points on the reciprocal lattice that represent each of the 3 sets of planes.

Reciprocal space:
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The larger dot is the origin, the dots representing the three sets of planes are labeled.  The lines connecting the origin and each dot is the reciprocal lattice vector from part (c) that identifies the plane. 
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